CHAPTER 9. INTEGRAL CALCULUS

1077. Let f(x) be a continuous function for all real numbers x in
the interval [a,b] except for some point ¢ in (a,b). Then

b G
J‘f('x' Jdx = lim [ £ )dx+llm Jf (x)dx.

e+ 30+
a

c+e

Figure 188.

Functions of two variables: f(x,y), f(u,v), ...
Double integrals: Hf(x,y)dxdy ) Hg(x,y)dxdy,
R R

Riemann sum: izn:f(ui »V; )Axiij

i=l j=1
Small changes: Ax;, Ay,

Regions of integration: R, §
Polar coordinates: r, 0
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Area: A

Surface area: S
Volume of a solid: V
Mass of a lamina: m

Density: p(x,y)
First moments: M_, M

....................... e
Charge of a plate: Q

Charge density: o(x,y)
Coordinates of center of mass: X, y
Average of a function: p

Definition of Double Integral
The double integral over a rectangle [a, b]x[c, d] is defined

Hf(x,y)dAz lim iif(ui.vj)AxiAyi,

max Ax; ~»0 < -
[a, Bl[e, d] mux.’ly:-oo =l j=1

where [ui ,v}.) is some point in the rectangle

(xi—l’xi)x(Yi—l’Yij’ and Ax; =X; =X, AY;=Y;= Y-

Y, XIxXDy,y)
d
R
Yi
yj-1 (ui'V}')
c
0
a X, X b ~
Figure 189.
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CHAPTER 9. INTEGRAL CALCULUS

The double integral over a general region R is
[Gey)da= U g(xy)dA,
R [a, blc, d]
where rectangle [a, b|x[c, d] contains R,
g(x,y)=f(x,y) if f(x,y) isin Rand g(x,y)=0 otherwise.

y
d
&5
c
0
a b A
Figure 190.

1079. [[[f(xy)+g(xy)ldA = [[f(x,y)dA + [[g(x,y)dA
1080. [[[f(xy)-glxy)MA = [[f(xy)dA~ [[g(x.y)dA

1081. [[kf(x,y)dA =Kk |[[f(x,y)dA,

where k is a constant.

1082. If f(x,y)<g(x,y) on R, then Hf(x,y)d.AS Hg(x,y)dA ;

1083. If f(x,y)=0 on R and Sc R, then
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Hf(x,y)dASﬂf(x,y)dA.

y
/—_-\
L

Figure 191.

1084. If f(x,y)>0 on R and R and S are non-overlapping

regions, then Hf(x,y)d.A = Hf(x,y)dA + Hf(x,y)dA Z

RUS
Here RUS is the union of the regions R and S.

y

Figure 192.
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1085. Iterated Integrals and Fubini’s Theorem
b qix

[TeCey)aa— | Jreeyyas

a plx)
for a region of type I,
R={(x,y)]a<x<b,p(x)<y<q(x)}.

y
y =q(x)

y =p(x)

Figure 193.

dviy)
[[f6ey)MdA=] [(x,y)dxdy
R culy)
for a region of type II,
<) <y <

v O f O T A 0N o a1
W= ) VY J=asVEheY =
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y
d
X = u(y)
X =v(y)
& h
0 X

Figure 194.
1086. Double Integrals over Rectangular Regions

If R is the rectangular region [a,b]x[c,d], then

jRJ' f(x,Y)dxdy=I[_:if(x,y)dy]dx =:[[If(x,y)dedy.

In the special case where the integrand f(x,y) can be writ-
ten as g(x)h(y) we have

Hf (x,y )dxdy = gg(x )h(y Jdxdy = Efg(x )dx} [jh(y )dyJ .

PN

1087. Change of Variables

e

olx,
Hf(x,y)dxdy=”f[x(u,v),y(u,v)# (x,y dudv,
R s a(u,v)
o x|
where 2%1(,}’; = g‘; g #0is the jacobian of the trans-
wLv) EL ZZ
ou ov

formations (x,y)— (u,v), and S is the pullback of R which
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can be computed by x =x(u,v), y= y(u,v) into the defini-
tion of R.

1088. Polar Coordinates
x=rcos0, y=rsin0.

y »
T
//
A
/N
/ 4 \||
o -
Figure 195.

1089. Double Integrals in Polar Coordinates
The Differential dxdy for Polar Coordinates is

dxdy = ?—(-w drd6 =rdrdf .

(r,0)

Let the region R is determined as follows:
0<g(0)<r<h(0), a <0<, where p—a <2n.
Then

B h(0)

Hf(x,y)dxdy = I If(rcos@,rsinﬂ)rdrd@ .

o glf)
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y
0=p
/."
g(6)
//’ h(®
" ]
0
Figure 196.

If the region R is the polar rectangle given by
0<a<r<b, a<0<B,where B—a<2m,

[[£(x, y)dxdy = ﬁf(r cos 0, rsin 0)rdrdo.
R

oa

¥

Figure 197.
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1090. Area of a Region

b flx)
A= I Idydx (for a type I region).
aglx)
y
y = hix)
e
y=9(x)
0 - b X
Figure 198.

daly)
A=I Idxdy (for a type II region).

eplv)
= E\F/

y
d | ]
X = p(y)
X =q(y)
C
0 X

Figure 199.
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1091. Volume of a Solid

V= Hf(x,y)dA ;

z
z =f(x.y)
g y
R
X
Figure 200.
If R is a type I region bounded by x=a, x=b, y=h(x),
y=g(x), then
b glx)
o Mlere Naa [ (el N g
=|Jioy A= JExy dydx
R ahlx)

If R is a type II region bounded by y=c, y=d, x=q(y),
x=ply), then

Wi ﬂf(x,y)dA = _d[q'ﬁ'(x,y)dxdy ;

cply)
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If f(x,y)>g(x,y) over a region R, then the volume of
the solid between z,=f(x,y) and z,=g(x,y) over R is
given by

v = [[[f(x,y)-g(xy)dA.

r=h(0), r=g(0),
then
fglo)
M. T = A
A=”CIA=J Jrclrclti.
5 ah(6)

V= [[£(r,0)rdrdo.
y

0=p
A

L g(®)
/ ey

X

Figure 201.

1093. Surface Area

5= jkj\/n(%f +(%z]zdxdy

267




CHAPTER 9. INTEGRAL CALCULUS

1094. Mass of a Lamina

m=[[p(x,y}dA,

where the lamina occupies a region R and its density at
a point (x,y) is p(x,y).

1095. Moments
The moment of the lamina about the x-axis is given by for-
mula

M, = [[yp(x,y)dA.

The moment of the lamina about the y-axis is

M, = pr(x,y)dA .

The moment of inertia about the x-axis is

L, = [[y’p(x,y)dA.

The moment of inertia about the y-axis is

I = Hxlp(x,y)dA .

The polar moment of inertia is

I, = “’(xz + yz })(X’Y)dA .

1096. Center of Mass
% [[xp(x,y)dA
¥

T, . xp(x, =2,
T m mg PTis [[plx,y)dA
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”YP X,y A
”D(x.v)dA -

—ﬂyp x,y A =%

?:

1097. Charge of a Plate
0= [[olx, v)dA

I 1 e e
R

where electrical charge is distributed over a region R and its
charge density at a point (x,y) is o(x,y).

AafRnD A ) ™ al
UJ0. Average or a runcuon
1
n= —ﬂf(xsy)dA,

where §=[[dA
J

R

Functions of three variables: f(x,y,z), g(x,y,z), .
Triple integrals: Hj f(x,y,z)dV, j-j.j g(x,y,z)dv, ...
G G

Riemann sum: iiif(ui,vj,wk)AxiijAzk

i=1 j=1 k=1
Small changes: Ax;, Ay;, Az,
Limits of integration: a, b, ¢, d, 1, s
Regions of integration: G, T, S
Cylindrical coordinates: r, 0,z
Spherical coordinates: r, 0, ¢
Volume of a solid: V
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Mass of a solid: m

Density: u(x,y,z)

Coordinates of center of mass: X, y, z
Myz 3 sz

Moments of inertia: IW, j T

First moments: M,

yz? txz? II) I‘}” Iz) Ig

Definition of Triple Integral
The triple integral over a parallelepiped [a, b]x[c, d]x][r, s]
is defined to be

n

FEE iy v oy oy S \
[[] fyzlav=_tim > 37> fluviw Jaxay, A,
[a, b}e, dir, 5] max Ay; —0 i=1 j=1 k=1

max Az, —0

where (u;,v Wy J is some point in the parallelepiped
(xi—l"xi )xi}'j--nyi )x (zk—l’zk)’ and AX; =X; —X; ,

Ay; =Y; = V> A2, =2, -2, ,.

m [f(x,y,2)+ g(x,y,z)]dV:IH f(x’y'z)dv+.[.[.[ e, 5, )07
-y [ ik b

JI] K Gxrysz)dv = km f(x,y,z)dV,

where k is a constant.

If f(x,y,z)>0 and G and T are nonoverlapping basic
regions, then

m f(x,y,z)dV = I(H f(x,y,z)dV + Iﬂ f(x,y,z)dV.

GuT
Here GUT is the union of the regions G and T.
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1104. Evaluation of Triple Integrals by Repeated Integrals
If the solid G is the set of points (x,y,z) such that

(x, y)ER ;I (x, y)<z<x ), then

] ety - n[ xy,z)dz]dxdy,

where R is s pr gr;_lg n of G onto the Xy-p lane.

nilxy)

If the solid G is the set of points (x,y,z) such that
a<x<b, ¢,(x)<y<@,(x)x,(xy)<z<x,(x,y), then
b @ (x)f z.lx.y)

j. f(x, y,z‘}dxdydz=j.[ j L j.f(x,y,z)dz}ly}dx

G al o x)\ 7(xy)

rr

1105. Triple Integrals over Parallelepiped
If G is a parallelepiped [a, b]x[c, d]x[r, s], then

m f(x,y,z)dxdydz = [ If x,y,z]dz}i}?

In the special case where the integrand f(x,y,z) can be
written as g(x)h(y)k(z) we have

1106. Change of Variables

IH f(X’Yﬂ)dXdydz =
_.”I u’ V,w),y oV, W), (u, v,wqm

6(u,v,
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ox Ox Ox
ou oOv Ow
o |oxysz)| By dy Byl i o4 ool
winelrge |——m——|=|— =T | U 15 e JdLUUld] 01
‘a(u,v,w)‘ ou Ov ow
o0z 0z 0Oz
ou oOv Ow
fl'\e frahc Grmat;nnn {v w 7‘_\“1 L V4 nr\ and S ic the r\n“=
AEIL 3. (A Y& T 7 (M) V) TV Jy BAIU U 10 IV PR
back of G which can be computed by x=x(u,v, ),
y=y(u,v,w)

z= z(u, v,w) into the definition of G.

Triple Integrals in Cylindrical Coordinates
The differential dxdydz for cylindrical coordinates is
olx,y,2) )

af
10(r,6,z))|

=rdrdOdz.

dxdydz =

Let the solid G is determined as follows:
(x,y)eR, 1, (x,y)<z<y,(x,y),
where R is projection of G onto the xy-plane. Then

[[[ £(,y,2)dxdydz = [[[ £(rcos6,rsin6,z)rdrdodz
& s

2 {rcost,rsintl)
” [ ff(rcmﬂ rsin0), )dz_l rdrd0.

Rir, I!I|',(|{rau0 rsinf)
Here S is the pullback of G in cylindrical coordinates.

Triple Integrals in Spherical Coordinates
The Differential dxdydz for Spherical Coordinates is

o(x,y,z)
dxdydz=|—"-—
ydz o,

JI] £6xy,z)dxdydz =

drd6de =r’ sin 0drd0do
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